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ABSTRACT 
A submarine fluorescence lidar has been developed for the detection of hazardous chemicals on the seafloor of 
the German Bight. Signals are dependent on the inherent optical properties of the seawater column, the seabed 
and the substance properties, mainly their absorption coefficient, volume scattering function, fluorescence quan-
tum yield and reflectance. Although the instrument is designed to inspect the seafloor it allows to record time-
resolved spectra in order to derive information about the water column. 
Interpretation of these data is normally done with the classical lidar equation which is based on several simplify-
ing assumptions. In its conventional analytical form multiple scattering is not considered. This leads to an in-
crease in signal intensity and to optical ringing. Additionally, fluorescence lifetimes and detector response func-
tion may result in an uncertainty of distance determination.  
Monte Carlo simulations were done to analyse the performance of the submarine fluorescence lidar for realistic 
scenarios. Results are compared with theoretical predictions of the lidar equation. It is shown that the error in 
signal intensity increases with the turbidity whereas the slope of the lidar curve appears to be independent of it. 
Depth-resolved measurements are not limited by the penetration depth of the light but by multiple scattering 
effects. 
Keywords: lidar, lidar equation, Monte Carlo, single scattering, multiple scattering 

1 INTRODUCTION 
A fluorescence lidar has been presented which was designed for underwater operation in the German Bight.1  
Illumination source of this sensor is a Nd:YAG laser with 70 mJ pulse energy at 355 nm. Although this lidar is 
operated to detect hazardous substances on the seafloor, the sampling rate of 250 MHz provides an analysis of 
the water column with a maximum distance resolution of about 0.2 m. Lidar signals are usually interpreted with 
the help of equations which are based on several simplifications. It is mostly assumed that a single photon inter-
acts only once with the surrounding medium, and the measurement process is regarded as ideal. Temporal dilata-
tions and decay times during the induction of photons are also neglected. 

2 LIDAR EQUATION 
Regarding a pulsed monostatic lidar, the energy ∆E(λ,R) collected by the detector within the wavelength interval 
(λ,λ+∆λ) and the depth interval (R,R+∆R) can be given in its most general form2 
 

  ∆ ∆ ∆λ ∆ ∆λE R E R R
A
R

g R T( R W R Rr( , ) ( , ) ( ) ( ) , ) ( , )λ λ η λ λ λ≡ = ⋅ ⋅ ⋅ ⋅2   . (1) 

 
η is the spectral transmission of the detector, T(λ,R) the transmission in the medium over the range R at wave-
lenght λ. Transmission has no physical dimension. Ar is the effective aperture of the detection optics. The ratio of 
Ar and R2 describes the solid angle, which is formed  by the lidar detector from the distance R. Its unit is stera-
dian. The quantity W(λ,R) describes the energy of the induced radiation at depth R in units J sr-1 m-1 nm-1. The 
product W(λ,R)∆R∆λ is therefore the radiaton induced in the depth intervall (R,R+∆R) and in the wavelength 
intervall (λ,λ+∆λ) in J sr-1.  The dimensionless geometric form factor is the propability of recording a photon 
which is induced at a distance R and hits the detector. Furthermore, the fundamental lidar relationship holds: 
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 ∆t corresponds to the temporal resolution of the sensor. From eq. 1 it follows 
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with the sensitivity function    s R g R
A
R

r( ): ( )= 2   . 

s(R) has the unit sr, Eλ(R) the unit J nm-1. The transmission T(λ,R) over distance R is given by the attenuation 
coefficient c(λ,R) and Lambert-Beer’s law 
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In case of elastic backscattering the induced energy W(λ,R) is determined with the approximation R2 >> Ar  by 
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where the volume scattering function β can be interpreted as differential cross section per volume unit, per solid 
angle and wavelength. El is the laser pulse energy. This leads to the single scattering lidar equation in its form 
which describes the collected energy in the time intervall (t,t+∆t).  
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Eq. 4 implies that the laser pulse duration τl is much shorter than ∆t. Temporal dilatations such as the detector 
pulse response time remain unconsidered. If the average laser pulse power Pl = El τl is taken into account, the 
single scattering lidar equation can be written in a form which describes the radiaton flux Pδ(λ,t) = Eλ(t) ∆t de-
tected by the receiver at time t = 2R cw

-1 in W nm-1 as 
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If the laser pulse duration Pl(t) and pulse response function Rr(t) of the detector are not much shorter than the 
temporal resolution ∆t of the lidar, then the signal will be blurred. This means, that photons induced at the same 
depth R are no longer detected at the same time t. Eq. 2 is no longer valid. Mathematically this can be described 
by a convolution integral. The measured lidar signal P(t) is then written as  
  P t P t R t P trn( ) ( ) ( ) ( )ln= × × δ   
with Pln(t) and Rrn(t) as symbols for normalized functions of Pl(t) and Rr(t), respectively, and where the symbol 
× denotes the convolution. The convolution of Pln(t) and Rrn(t) can be condensed to one system function Ssys(t), 
and the convolution equation simplifies to 
  P t S t P tsys( ) ( ) ( )= × δ  . (6) 

Deconvolution techniques that can be used to extract Pδ(t) from eq. 6 in the presence of noise will be presented 
elsewhere.3 Eq. 5 does not take into account multiple scattering effects. 

3 MONTE CARLO SIMULATIONS 
A simple variance reducing Monte Carlo technique is used to calculate the sensitivity function s(R) of the lidar. 
According to the single scattering lidar equation, the sensitivity function s(R) corresponds to the lidar signal of a 
medium with an attenuation of 0 m-1 and an isotropic backscatter coefficient  β(R)=(4π)-1 sr-1 at the excitation 
wavelength.  If multiple scattering is excluded, only scattering angles within the solid angle Ω(z) defined by the 
detector are allowed. In accordance with this, the weight of a photon is Ω(z) (4π sr)-1. The result is normalized to 
the total number of photons per 4π sr. 
Fig. 1 shows the sensitivity function of the lidar.1 Monte Carlo simulations were done to examine the perform-
ance of the lidar in different waters and to investigate the effect of multiple scattering. The inherent optical prop-
erties of the water column which are needed as input data were taken from the literature,4 which include clear 
ocean water, offshore water with medium turbidity, and highly turbid coastal water. The results of his measure-
ments are seen in Table 1 and Fig. 2.  
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Fig. 1: Sensitivity function s(R) of the submarine lidar 

 
 

 a / m-1 b / m-1 c / m-1 ω=b/c 

San Diego Harbor 0.366 1.824 2.190 0.8329 
Offshore Southern California 0.179 0.219 0.398 0.5503 
Tongue of the Ocean 0.114 0.037 0.151 0.2450 

 
  Table 1: Absorption coefficient a, scattering coefficient b, attenuation coefficient c  
   and single scattering albedo ω at λ=514 nm of three water types.4 

 
Fig. 2: Volume scattering functions of selected waters.4 

 
For the simulations, the scattering coefficient is set to be independent of  the wavelength.5 Absorption is assumed 
to be influenced by yellow substance only, with a characteristic spectrum of the absorption coefficient:6  
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  a a nm e nm( ) ( ) . ( )λ λ= ⋅ − −532 0 014 532   . (7) 
Based on the known sensitivity function, the lidar signal of yellow substance fluorescence at 450 nm can be cal-
culated. 
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and  T( nm R e c nm R450 450, ) ( )= − ⋅  . 
The factor k is a correction due to the fact that ∆R is not infinitively small. The fluorescence decay time of yel-
low substance is about 2 ns, and therefore not considered in the analytical approach and the computer simula-
tions. The Monte Carlo experiments are done with a laser pulse energy of 5 million photons at 355 nm. Detection 
wavelength is 450 nm, with an assumed fluorescence quantum yield qys(450nm,355nm)=1 nm-1 of yellow sub-
stance in order to minimize computation time. A relastic value for qys(450nm,355nm) would be about 
0.0001 nm-1.7 The refractive index of seawater is set to 1.33. 

 
Fig. 3:  Simulated lidar signal for Tongue of the Ocean water. Squares: total  

signal; circles: single scattering; triangles: multiple scattering. 
 

Fig. 3 shows the simulated lidar spectra of the „Tongue of the Ocean“ water type. The lidar signal of Offshore 
Southern California water is shown in Fig. 4. Although multiple scattering has increased when compared with the 
clear ocean water signal, single scattering is still the main part of the signal. Fig. 5 displays the result of the simu-
lation for San Diego Harbor water. The single scattering part nearly disappears compared to the multiple scatter-
ing component. The increase of intensity by multiple scattering is mainly found in the near-field. 
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Fig. 4: Simulated lidar signal for Offshore Southern California water. Squares:  

total signal; triangles: single scattering; circles: multiple scattering. 

 
Fig. 5: Simulated lidar signal for San Diego Harbor water. Squares: total signal;  

circles: single scattering; triangles: multiple scattering. 
 

Solving eq. 8 with regard to the data given in Table 1 yields the signals shown in Fig. 6. 
Table 2 lists the average errors between the simulated lidar signals and the theoretically predicted signals, nor-
malized to the maxima of the theoretically calculated curves. Total signal intensity and the single scattering com-
ponent are treated separately. The single scattered parts of the signals show good agreement with the theory.The 
errors are acceptable small and due to the random nature of Monte Carlo simulations. Regarding the total signal 
power the error grows with increasing turbidity up to 285 % for the San Diego Harbor water. For it is not possi-
ble to separate the single scattering component from the total lidar signal, these errors are the relevant ones in 
lidar measurements.   
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 total signal intensity single scattering component 
San Diego Harbor 285.421 % 3.292 % 
Offshore Southern California 4.255 % 0.805 % 
Tongue of the Ocean 2.025 % 2.495 % 

 
Table 2: Normalized average intensity errors between MC simulations and theory 

 
Fig. 6:  Analytically calculated signals. Squares: Tongue of the Ocean; circles:  

Offshore Southern California; triangles: San Diego Harbor. 
 

4 INVERSION OF LIDAR SIGNALS 
Starting from eq. 5 the normalized logarithmic lidar signal S(λ,t) can be defined as 

  S t
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The convenient differential equation is 
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For a homogeneous water column eq. 10 simplifies to 
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Regarding the fluorescence lidar signals, eq. 11 transforms to 
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introducing the two paths lidar attenuation coefficient c2paths . 
In Table 3 the values of c2paths derived from the MC signals can be seen together with their relative error com-
pared  to the input values. The high errors of the signal simulated for the San Diego Harbor water are due to the 
low signal-to-noise ratio. In contrast to the intensity, the errors in the slope do not vary significantly regarding the 
total signal and the single scattering component. This confirms the results of H. Gordon who solved the radiative 
transfer function of an airborne backscatter lidar numerically by Monte Carlo simulations in order to examine the 
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influence of multiple scattering.8 He found an exponential decay in  sensitivity corrected lidar signals of homoge-
neous water bodies over four attenuation lengths. 
    

 input data 
 

analyt. solution 
/ relative error 

MC single scatter 
/ relative error  

MC total signal
/ relative error 

San Diego Harbor 7.935 m-1 7.935 m-1 

0 % 
6.671 m-1 

- 15.9 % 
6.940 m-1 

- 12.5 % 
Offshore Southern California 2.535 m-1 2.535 m-1 

0 % 
2.653 m-1 

+ 4.7 % 
2.478 m-1 

- 2.2 % 
Tongue of the Ocean 1.409 m-1 1.409 m-1 

0 % 
1.385 m-1 

- 1.7 % 
1.389 m-1 

- 1.4 %  
 

Table 3: Two paths lidar attenuation coefficients 

5 CONCLUSIONS 
The lidar signal power is thought to be a direct measure of the concentration of substances such as yellow sub-
stance, whereas the slope of the time-resolved curve is used to derive the two paths lidar attenuation coefficient. 
The simulations showed that it is not possible to interprete the recorded signal intensity in high turbid waters with 
the conventional lidar equation because the multiple scatter component cannot be neglected. In comparison to it, 
the influence of multiple scattering on the derivation of attenuation coefficients appears to be less significant. In 
other words, multiple scattering strongly influences the intensity of a lidar signal, but not its temporal curve. 
The performance of a depth resolved lidar with regard to quantitative fluorescence measurements is not limited 
by its penetration depth but by multiple scattering effects. Future research should focus on the formulation of a 
convenient lidar equation. 
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